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Abstract. In this paper, we establish some new integral inequalities for for 
m- and (a, m)-logarithmically convex functions. 



1. Introduction 

In pQ, the concepts of to- and (a, m)-logarithmicaHy convex functions were in- 
troduced as follows. 

Definition 1. A function f : [0,6] — > (0,oo) is said to be m-logarithmically convex 
if the inequality 

(1.1) / (** + m (1 - t) y) < [f (x)} 1 [f (y)r (1 ~ 4) 

holds for all x,y £ [0, b], to G (0, 1], and t G [0, 1]. 

Obviously, if putting m = 1 in Definition [TJ then / is just the ordinary logarith- 
mically convex on [0, b]. 

Definition 2. A function f : [0,6] — > (0,oo) is said to be (a, to) -logarithmically 
convex if 

(1-2) /(ta + m(l-t)y)<[/(aOf [/(»)]' 

6o6is /or a// i,i/6 [0, 6], (a, to) G (0, 1] x (0, 1] , and t G [0, 1]. 

Clearly, when taking a = 1 in Definition f2J then / becomes the standard m- 
logarithmically convex function on [0, 6]. 

In [5] , authors proved that the following inequalities of Hermite-Hadamard type 
hold for /og-convex functions: 

Theorem 1. Let f : I [Q, oo) be a log-convex mapping on I and a,b G I with 
a < 6. Then one has the inequality: 

(1.3) f(A(a,b))< -i- I" G(f (x) J (a + b- x))dx <G(f (a) J (b)) . 
b- a . „ 
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Theorem 2. Let f : I — >• (0, oo) 6e a log-convex mapping on I and a,b £ I with 
a <b. Then one has the inequality: 



(1-4)/ 



a + b 



< exp 
1 



1 



b — a 

■ b 



In [/ (x)} dx 



< 



b — a 



G(f {x),f(a + b-x))dx < 



b — a 



f (x) dx 



< L(f(a),f(b))< 



f(a) + f(b) 



where G(p,q) := ^fpq is the geometric mean and L(p,q) := ln - (p ^ q) is the 
logarithmic mean of the strictly positive real numbers p,q 7 i.e., 



L (p, q) = 



p-q 

Inp — \nq 



if P¥"Q and L(p,p) = p. 



The main purpose of this paper is to prove some inequalities of Hadamard type 
for m- and (a, m)-logarithmically convex functions. Also we give some results for 
logarithmically convex functions. 

2. MEAN RESULT 

We now consider the following means will be used in this paper. 

a) The arithmetic mean: 

A = A (a, b) := ^y^, a,b>0, 

b) The geometric mean: 

G = G(a,b) := VaJ, a,b>0, 

c) The logarithmic mean: 

i if a = b 



L = L(a,b) := 



b— a 



a,b>0. 



Wb-lna if a ^ b 

In this section, some Hadamard type inequalities for m- and (a, m)-logarithmically 
convex functions will be given. 

Theorem 3. Let f : [0,oo) — > (0, oo) be a m -logarithmically convex function on 
[0, ^] with a, b e [0, oo) , a < b, m e (0, 1] . Then 



(2.1) 



■j-^— J f (x) dx < min{L ^/ (a) , / 

where L (a, b) is logarithmic mean. 

Proof. Since / is m-logarithmically convex function on [0, ^] , we have that 



(2.2) 

and 

(2.3) 



flta + m(l-t)-) < {f (a 



in 



I 



{- 



-i m(l-t) 



i(l-t) 
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for all t £ [0, 1] . By integrating the resulting inequality on [0, 1] with respect to t, 
we get 

" 7 / («) N ' 



/ (ta + (1-*) b) dt < f 



f(tb+(l-t)a)dt < f{- 



\ f ( m , 

1 ( f(b) 



/(£) 



dt, 



dt. 



However, 



1 f(a) 



\f(m) 



dt 



- 1 



In f(a)- In/ (A) m 
/(«)-/(£)' 



/(i) m In/ («) -In/ (A)' 



L(f(a),f 



l f /(a) 



V-f(m) 



/(£> 



and 



/ (ta + (l-t)b)dt= / / (t& + (1 - t) a) dt = 



b — a 



f (x) dx 



and the inequality (|2.1[) is obtained. Which completes the proof. 



□ 



Theorem 4. Let f : [0, oo) — > (0, oo) be a m-logarithmically convex function on 
[0, itrc'fli a, b £ [0, oo) , a < b, m £ (0, 1] . TTien 



(2.4) 

and 

(2.5) 



< 



1 



b — a 



G\f(x), 



f 



b-. 



1 



b-aj 



G{f (x) J (a + b- x))dx < L f (a) f (b) 



where G (a, b) , L (a, b) are geometric, logarithmic mean respectively. 
Proof. Since / is m-log-convex, we have that 



(2.6) 



/ (ta + mO—t)-) < [/(a)] 



fftb + m(l-t)-) < [/(&)]'[/(-) 



ro(l-t) 



i(l-t) 



for all t £ [0,1]. If we multiply the above inequalities and take square roots, we 
obtain 



G (/ (ta + (1 - t) b) , f (tb + (1 - t) a)) < [f (a) f (6)]' 



Vm/ \ to 
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for all t £ [0, 1]. Integrating this inequality on [0, 1] with respect to t, we obtain 



G (/ (ta +{l-t)b)J (tb + (1 - t) a)) dt 







m pi 


< 


/(-)/(-)" 






Vm/ \m J 


Jo 



(-) 

Vm/ 



/ 



f(°)/(b) 



f jo) fib) 

[/(£)/(£)]' 
- 1 



In- 



/WW 



/WW- [/(£)/(£)]" 

ta/(a)/(6)-ln[/(i)/(A)]' B 



= L I / (a) / (b) , 



(-)f(-) 



If we change the variable x = ta + (1 — t) b, t £ [0, 1], we get 



G (/ (ta + (l-t)b)J (tb + (1 - i) a)) dt 



b-a J Q 



G(f (x),f(a + b-x))dx 



and the inequality in (|2.5p is proved. 
By ()2.6j) . for i = |, we have that 



/ 



< 



for all x,y £ [0, oo). If we choose x — ta + (1 — t) b, y = tb + (1 — t) a, we get the 
inequality 



a + b 



< J[f(ta + (l-t)b)} 



f 



ta+(l-t)b 



for all t £ [0, 1]. Integrating this inequality on [0, 1] over t, we obtain the inequality 
in (|2.4p . This completes the proof of the theorem. □ 



Remark 1. If we take m = 1 in inequality 
such that special version of inequality fl.3\) 



and 



, we obtain one inequality 



Theorem 5. Let f : [0, oo) — > (0, oo) be an (a, m) -logarithmically convex function 
on [0, A] with a, b £ [0, oo) , < a < b < oo. (a, m) £ (0, 1] x (0, 1] . Then 

rb 



(2.7) 

where 

and 
(2.8) 



1 



b — a 



f (x) dx < min{/ — 
m 



M 



(a), f(^) m T(a)}, 
Vm/ 



_ m 



M (a) = < ^ 



a In (jO 



,<p = l 
,o < < 1 



_ /W 

- JW 



1 £ = 1 

andT(a) = { ^-i n ' f . 
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Proof. Since / is an (a, m)-logarithmically convex function on [0, -^1 , we have that 



f (ta + m(l-t)-) < {f (a) 



/l4 



and 



-i m(l-t a ) 



m(i— t") 



f(tb + m(l-t)-)<[f(b)f [/(-)" 
V to/ L Vm/J 

for all t £ [0, 1] . Integrating the above inequality on [0, 1] with respect to t, we get 



/ ta + to (1 - t) — ) dt < f 



f(tb + m(l-t)-) 
\ to/ 

When ip — 1, we have 
When ip < 1, we have 



dt < 



/(") 



b_\ m r n± 

«\ m f 1 ( f(b)' 



f £ 



dt. 



¥>* dt = 1. 



V5*"dt < / </> at dt 



- 1 

a hup 



When I = 1, we have 



When £ < 1, we have 



f dt = 1. 



t dt< / £ at dt = 



aln^ 



and 



and the inequality (|2.7[) is obtained. Which is required. 



/ (ta +(l-t)b)dt= / / (tb + (1 - t) a) dt 



&- 



/ (a;) da; 



□ 



Corollary 1. Let / : [0, oo) — > (0, oo) 6e an m-logarithmically convex function on 
[0, Jj] wf/i a, 6 € [0, oo) , < a < b < oo, to e (0, 1] . TTiera 

1 f b ( b \ m / a \ m 

(2.9) / /(x)dx<min{/ - M(l),/(-) T(l)}, 

b — a J a \m J Vto/ 

where M, T are defined as in &2.8\) . At the same time, this inequality is the same 
as inequality \2. 

Theorem 6. Let f : [0, oo) —¥ (0, oo) be an (a, m) -logarithmically convex function 
on [0, — 1 with a, b e [0, oo) , < a < b < oo, (a, to) £ (0, 1] x (0, 1] . Then 



(2.10) 

where 



b — a 



G(f(x)J(a + b-x))dx< 
e = f(a)f(b) [/(£) 



m 



f ~ f 

TO/ 



S(a) 
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S(a) 



1, 9 = 1, 



G (a, b) , L (a, &) are geometric, logarithmic mean respectively. 
Proof. Since / is m-log-convex, we have that 



(2.11) 



/ [ta + m(l-t)-\ < [/(a)] 



f(tb + m (l-t)-) < [fib)}' 



(- 



i(l-t a ) 



for all t € [0, 1]. If we multiply the above inequalities and take square roots, we 
obtain 

m(i— t") 



G(f(ta+(l-t)b)J(tb+(l-t)a)) < [f(a)f(b)] T 



f 



mJ \ m 



for all t € [0, 1]. Integrating this inequality on [0, 1] with respect to t, we obtain 

G (f (ta + (1 - t) b) , f (tb + (1 - t) a)) dt 
m pi 



< 



e l dt 



When 6 = 1, we have J 6»*"di = 1. When 6» < 1, we have 



dt < 



l dt 



>.ln6 



If we change the variable x = ta + (1 — t) b, t e [0, 1], we get 



G (f (ta +(l-t)b)J (tb + (1 - i) a)) 



b — a 



and the inequality in (12.10)) is proved. 
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